Toward Compact Multiqubit Gates on Trapped Ions:
A Hardware-Aware Pulse Synthesis
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Abstract—Multiqubit gates such as the Toffoli are essential
building blocks for quantum algorithms, but their standard
realization on trapped-ion hardware requires gate decomposition
that adds significant circuit depth. This overhead is particularly
relevant for advanced algorithmic frameworks such as quantum
signal processing and quantum singular value transformation,
which rely heavily on multi-controlled operations. As part of
a broader investigation into native multiqubit gates on trapped
ions, we examine the single-step Toffoli construction of Wang et
al. [1], which has remained theoretical due to the controlled-
rotation primitive it requires. Recent advances in effective-
Hamiltonian engineering through Magnus expansions of bichro-
matic spin-dependent forces provide a route to that primitive.
Using HyPulse [2], we apply optimal-control pulse design on
realistic trapped-ion calibration parameters and synthesize a
pulse that performs the Toffoli gate using the same physical
resources as the construction of Wang et al. [1]. The result
demonstrates that single-step Toffoli synthesis is feasible within
this operator structure using only native trapped-ion primitives,
providing a complementary route alongside existing proposals.

Index Terms—trapped ions, multiqubit gates, Toffoli, pulse
synthesis, hybrid qubit-oscillator

I. INTRODUCTION

Multiqubit gates such as the Toffoli gate (CCNOT) are
fundamental building blocks of quantum algorithms, used in
error correction and the Grover diffusion operator [3]]. Their
standard realization on trapped-ion hardware decomposes into
multiple two-qubit and single-qubit gates [4], [5], with each
two-qubit gate implemented through a Mglmer—Sgrensen (MS)
interaction. The aggregate cost motivates the search for single-
step multiqubit gates that bypass this decomposition overhead.

Beyond circuit depth, multiqubit gates are a key bottle-
neck for advanced quantum algorithms. Frameworks such as
quantum signal processing (QSP) [6] and quantum singular
value transformation (QSVT) [7], [8]l, which unify a broad
class of quantum algorithms via block-encoded polynomial
transformations, rely on multi-controlled rotations and ancilla-
mediated controls. These operations are naturally expressed
as multiqubit gates, so reducing their cost is not merely a
depth-optimization concern but directly affects the feasibility
of QSP/QSVT-based algorithms on near-term hardware.

Several proposals address this problem on trapped ions.
Espinoza et al. [9]] use adiabatic ramping of phonon-mediated
Ising interactions. Katz et al. [[10] use spin-dependent squeez-
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ing at the second motional sideband. Earlier, Wang et al. [1]]
proposed a general framework in which any multiqubit
gate can be realized through a shared motional bus, using
controlled-displacement and controlled-rotation interactions.
While the construction of Wang et al. [|[1] predates these later
proposals, its specific realization on trapped-ion hardware has
remained theoretical, since the controlled-rotation primitive
(0. - ata) it requires has not been directly demonstrated.

This paper is a preliminary step toward filling that gap.
As part of a broader effort on native multiqubit gates for
trapped-ion platforms, we examine whether optimal-control
pulse design [11] can synthesize a high-fidelity pulse using the
same physical resources as the construction of Wang et al. [1]]
on realistic device parameters. Recent advances in effective-
Hamiltonian engineering [12]] provide a path: The second-
order Magnus expansion of bichromatic spin-dependent forces
produces the o -a'a structure required for controlled rotation,
where o is the Pauli Z operator and af(a) is the creation
(annihilation) operator. Combined with HyPulse [2], this lets
us cast the Toffoli gate as a concrete pulse-design problem on
realistic trapped-ion calibration parameters.

We contribute a synthesized pulse achieving process fidelity
F =0.999998 in 100 us as a preliminary result, motivating
further work on noise robustness, hardware-aware bandwidth,
and extension to higher-order multiqubit gates.

II. METHOD

A. System Hamiltonian

Wang et al. [1]] introduced a general framework for multi-
qubit gates mediated by a shared harmonic bus, based on the
time-dependent Hamiltonian

H(t)=v({t)Az + w(t)Bp + r(t)Cn, (1)

where A, B , C are commuting internal-state operators, z,p,n
are the bus position, momentum, and number operators, and
v, w, r are arbitrary time-dependent coefficients. They showed
that this construction is sufficient to realize multi-qubit gates
such as Toffoli and C™-NOT, and to implement the Grover
search algorithm directly.



For the 3-qubit Toffoli, Wang et al. proposed a time-
independent Hamiltonian of the form
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acting for duration ¢ = K - 27/(2, where K is an integer,
and o) is applied to the j qubit position. Equation @)
combines a controlled-displacement (CD) on the two control
qubits via the bus position z, a controlled-rotation (CR) on
the target qubit via the bus number operator n, and a small
carrier term on the target. The CR primitive can be realized
through the second-order Magnus expansion of bichromatic
spin-dependent forces [12].

We map the operator structure of Eq. (2) onto a five-
channel control basis using native trapped-ion primitives. The
collective CD on the two control ions uses two spin-dependent
forces, one in each bus quadrature

Hy = (ol + o) © X, 3)
Hy = (o + o) @ P, @
where X = (a+a')/v/2 and P = i(a’ — a)/+/2. The CR on
the target ion is built from a pair of spin-dependent forces

whose second-order Magnus combination yields the o, - n
interaction

H=Q

Hy =0 ® X, (5)
Hy=0»®P. (6)

A carrier drive on the target ion supplies the single-qubit term
Hs = 0';(53) ® Imotion- @)

B. Pulse Synthesis

We implement the Toffoli plugin within HyPulse and
apply optimal-control pulse design to optimize the five
control amplitudes €24 (¢), ..., Q5(t) over N = 200 piecewise-
constant time slots covering total duration 7" = 100 us. The
optimization minimizes 1 — Fyroc(U(T'), Uroffoli), Where Fproc
is the process fidelity.

IIT. RESULTS

Using the five-channel control basis of Eq. (7) and the
optimization setup described in Section [[I, we synthesize the
Toffoli pulse with HyPulse [2]]. The results below are obtained
from closed-system simulation. Environmental noise sources
such as motional heating, dephasing, and laser amplitude
fluctuations are not included.

A. Pulse Waveform

Figure [I] shows the optimized waveforms across the five
control channels.

B. Truth Table and Process Fidelity

Figure 2] summarizes the gate action on the 8-dimensional
computational subspace. All eight inputs map to their correct
Toffoli outputs with F' > 0.999998. Average and worst-case
truth-table fidelities are both 0.999998. Process fidelity is
Foroe = 0.999998.
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Fig. 1. Optimized pulse for the single-step Toffoli gate, five-channel waveform
over T'= 100 ps, N = 200 time slots. Channels Q3 (¢)-25(t) correspond
to the operators H1—Hs in Eq. (7).
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Fig. 2. (a) Truth-table overlap matrix for all 8 computational basis inputs.
The off-diagonal Toffoli structure |[110) <> |111) is correctly resolved. (b)
Per-input fidelities; all 8 basis states reach F' = 1.000.

C. Process Unitary

Figure [3] shows the real and imaginary parts of the qubit-
only reduced unitary. The Toffoli structure appears cleanly in
the real part, with vanishing imaginary entries.

D. Phase-Space Trajectories

Figure [] plots the bus-mode phase-space trajectories for
each computational basis input. All eight trajectories return
to the motional vacuum at the gate’s end, confirming that the
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Fig. 3. Real (a) and imaginary (b) parts of the reduced 8 X 8 unitary obtained
by tracing out the motional mode and applying global-phase correction. The
Toffoli structure is recovered exactly; residual imaginary entries are at the
1073 level.
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Fig. 4. Bus-mode phase-space trajectories ((X), (P)) for each of the 8
computational basis inputs, with color encoding time (dark to light). The
black circle marks the initial vacuum state; the red square marks the final
state. All eight inputs return to the motional vacuum at gate end (final radius
< 1.1x1073), confirming the bus mode disentangles from the qubit subspace.

bus mode disentangles from the qubit subspace and that the
resulting unitary acts purely on the qubit register.

E. Summary

The synthesized pulse implements the 3-qubit Toffoli with
process fidelity F' = 0.999998 in T" = 100 us in closed-
system simulation, with all eight computational basis states
reaching the same fidelity and the bus mode fully disentangled
from the qubit subspace at the gate’s end. This places the
construction of Wang et al. [[I] on a concrete-pulse footing
using only native trapped-ion primitives. Our approach differs
from existing single-step proposals on the same platform:
Rather than the adiabatic-Ising route of Espinoza et al. [9] or
the second-sideband squeezing of Katz et al. [|[10]], we operate
at the first sideband through geometric-phase accumulation,
providing a complementary data point in the multiqubit-gate
landscape.

IV. DISCUSSION

Bus disentanglement. Across all eight computational basis
inputs, the bus mode returns to motional vacuum at the gate’s

end (Fig. ). This confirms that the qubit-conditioned channels
alone are sufficient to close the bus orbit and realize the
Toffoli on the qubit subspace, without an explicit unconditional
displacement.

Channel utilization. All five control channels in Eq.
are essential, i.e., removing any one of them collapses the
gate fidelity. The collective CD on the control qubits and
the bichromatic SDF pair on the target qubit each provide
an independent degree of freedom that the optimizer exploits,
and the carrier on the target qubit completes the basis required
to map the geometric phase into the Toffoli structure.

Gate composition. The single-step pulse acts within the
original qubit register, with no ancilla qubits or auxiliary
modes required beyond the shared motional bus already
present in trapped-ion hardware. This contrasts with decom-
posed realizations, where the same Toffoli action requires a
sequence of multiple two-qubit and single-qubit gates with
intermediate single-qubit phase corrections.

V. CONCLUSION AND FUTURE WORK

As the first step in our broader investigation of native
multiqubit gates on trapped ions, we synthesize an optimal-
control pulse using a five-channel control basis inspired by the
construction of Wang et al. [I]] on realistic trapped-ion cali-
bration parameters, achieving process fidelity F' = 0.999998
in 100 ps in closed-system simulation. The Toffoli plugin
is integrated with HyPulse [2]. The result demonstrates that
single-step Toffoli synthesis is feasible within the operator
structure of Wang et al. using only native trapped-ion prim-
itives. Our approach is grounded in first-sideband geometric-
phase dynamics and is realized through direct optimal-control
pulse synthesis, distinct from adiabatic ramping schemes [9]
and from second-sideband squeezing-based constructions [[10].

Future work follows two directions: open-system simulation
including motional heating, dephasing, and laser amplitude
noise; and extension to higher-order multiqubit gates (C"-
NOT), as well as generalization with CCR;(6), where j €
04,0y,0, and 0 is a given angle, for direct comparison with
adiabatic-Ising [9] and squeezing-based [10]] approaches at
matched ion counts.

DATA AND CODE AVAILABILITY

The computational code supporting the findings of this work
is available from the corresponding author upon reasonable
request.
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